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Al

In (hic study, we propose Geogrmphically Weighted Multivarials Weibull Regresion (GWMWA] malel, iochuling
parameter estimation nod ppodhesis festing for repression pamameters, The GWMWER moded is the locnl mode] of
the mulliurisls Weibll regressamn, what the parameio cabindiion © deeo o ooy loslion {poot) sdees Qs
dntn 15 collected, with the weighting of geopaphical lsmbm The model s gmstreded From the smulbvariate
quivival funcfion of the mobivariase Weiboll distribution of Les ond Wen, which 1be scale parameters are
exprex=erl in the mgresion parameters with whentieal covarsabes aod noo-idembcl eprssion paraoctos. The goals
of this shudy ame to estimate the prometers of GWRMWE meodel, ond b determine the fest sinnistics on hypothesic
tegting for repression pammeiers. The snalyiica]l method for parameter cstimation & maximum likclihood
e=timadiom [MLE), with the weighting of gessraphizd ek, The maximem likefibood estimubor (MLEx} is
whwioed by Mewton- Ropheon imawive method. The (=m amistics [or re=m of pocdneaes of momnd te simullensns
ur abe Wilk's likoeliheod ratio statribe, and the beae atarisie for partial ust is Wald starisiic

& 2014 Publeshed by and'or peer-review under mesponsibility of ICSM 2014

Kepwerds: GEMHNE mookel, WTE S werghrsgof gropropbical Raorrlon, TFRE T dbe Ao’ rank spadrly, Hofel spedrde

1. Inbrodocton

The GWMWR model 3 wo exomion ol nullivariae Welboll repmssaon model wilh Ghe
unknown location information. The GWMWE i a mmitivariste Weiloll regression modelling Gor
spatial daln, where ihe spatml doto coninms both attnbute and locatizn information. To the spatial data,
the vaho ol e observalion i oo kealrm Jepemds oo Ue valwes of Lhe obwemmiion in nearby
kocations [1]. The spinl dem v dependen variable, which (e 4 s colleged Fom dilfarent localon
will indfiate interdependent betwesn the data and Jocation. So, the classical repression modelling for
the spatial dalo doss ool A1, wd @ method which @n be weed for spatsl dals wesdelling (e
grugraphzally weighled ropreson (GWHE Therelbe, the muktivarisne Weiball regression mode]ling
Tor [T spalaal dala 15 able o wse GWRTWR mode], 1o dbe GWMWH modet, the paramsler caimation i
doviee on every pcadon where the daey 2 collkeclal, od o 15 bosed oo be weighog of peographical
brcation. Wihen e cnuinmaled peremeler of the GWWYE, model on every oculion 15 equal then we .
have the globel mode]l of nwhivariee Weiull regression, aod o oeans il die eeighimg of
geogruphical location does ool mffuroce the model

There are many literamres ahout the geographically weighted linear regression, but few which
disensgcd abont GWRMWR model, a0 in this siady, we propase the (PWRWE model, The osodel is used
fpr eomimicns nonmegative data (oo the eenmowed lifc Gime dam), where nany applieamnns an e
scveral tields often provide contimious nonnegative date, The GFWAWE mode] 15 the kbeal mode] of
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(he joint probahilicy Jemsny Funaiss (PDI) of the swllivarislie Weibal] drsiribion, wlkch 15 derived
feon the moltlivarise survivol funetion of e muhivarsle distdbuiion of Lee and Wen ChR09Y, [3].
This stsdy 15 [Bevacd oo eslmmaliop of paremeders, ond dereilining the 1 slalisie oo g hyproihesis
leaong fer regmewion poraietiers The parsmesey cstimaoion method s MLE, vhe tedl siminnice Ffor
poodness of fil test and simultaneous test are determined by LET method, and the tes slatistic for
punel et i Wald stelinte, which is derived from Lhe gsymmobic Hedmalily propomy.

2, Mmivrials mod Mleshods
The joim survivg]l fumclion for the muhivariste Weibull discimins of the L EMICHES
nonncgative modom veriahle ¥.%.-- ¥, wan proposed by Lee and Wen {2009), [3], which for

=gzl ;U{}ll.---.}r.q;m ;ﬂ{"ﬂljﬂf"l"{. Rl ﬂ‘:?’:-}":-"',}"n s, hﬂ-ﬁ.ﬂmh“ El'"!ﬂ
by

1
[ a
FOh v ¥a) = oxpl—A%], with 4= E[%J . (L)
i=|
where @ measures the association armong the yariables, 4, 15 the scale parameter and  y, i the shape
parameler for vanioble ¥,. The PDF £33, 0,0+, 4, ) of the nultivariate Weiball distsfbution can be
vblained by differentinting the multivarisle survival fiunction {1) with reapect 10 each variable, et &

={—1)‘"3'-5'L1'[,J-5.---Jm}_
S e ¥l By {2}

Tt follows directly from (1) and (23, then the joint PDF of the multivariate Weibull distribuiion con be
ebilained, and it has the cxpression given by Equation {3)

fu
Al = H[ﬂ[%}[i—*] [E[—U"L"'"CINJ.EH'IHJ**F'[‘-‘“}: (3

where (e a) is the gewemlzed Factorial coelficient {(Wahyudi, Purbadi, Ithamah and Syidon,
2011} [5], which for all positive seger m,/ with {<m, and for real number @, it & defmed by

m LAl rri ”
tT[.m:"!-l |'.'|}= [ ] [ J and [ ] =——
iy by 4.?..4._] |r||.:] [ :“ H j: ﬂ.lg?_"",-l!l" :l. |j|£ !"'-ll- !
J'.+2I'1-r---|m'_-n

! IEI-I.II:F'i'“:lI'H:F

‘Iz PDF {3} can b stazed in lemm ol e represson parameiens by takong & transfrmation, thei
i the scale parameler 4, for =12, m vim be expressad in e regeession paraowezers (Flanopal
2005} [2{, by the follewing way

A =cplbfx), £=12-- m, (4
whers  If =0 By Al 5 weior ol e remrsion pirameters  wilh

— < e, v=0, ], -, o and x7 =[Xy X, - M ] is 3 vexlor ol covargtes with X =1, Dy using a

Ininsformalion defined by (4}, the PIDF (1) wikch is expressed in the repressan pAmEE, 8 piven by
Faqualion (5)

Evepannir of Sateticn and Thejegmicnt of Mathemaiis
Lrewibol ek g Fepatuly Napanlsr, Sl.lﬂlﬂ:ﬂ.. mdancsa
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PAENRE ,y.:n=[l'l""*<y e ﬂII]{fr = exp -] :it—l}“'c'nm,r.aur“'“]. {5)
=1

i=l O

with 4 =¥ Ly, F**™ cpl- 5"* Tx]. Furthermore, the madel (5) & known as the multivariste Weihull

1=
represing mrdeL

S, coondmate of boation tor each observation is known, and all of the parameters of local
model For every loeminn are Jillerenl, where Liey are the cominnons fumdion of the Inemion fu,, v} in '
the gewpraphical study area. Then, the local mode] of the multivariste Weibull regression (5) or the
CWHWE modsl for the kcation w, =, %) 0 given by Equarion (6}

fﬁ"lr--“'ﬂr: -3 X } [r] L0, TR }[:"'q'!I.]-"ﬂI'l.-I:l-l exp|- i |I:'F'i: J)‘!]H i
;] )

{ A et Jf{ml]][g[_]]“"'r_‘{m,!,u{n‘ )}Af"'}’f"]],

with A =§{_}-_,,}f*"ﬂ“f“ﬂmq;[ m—ﬂpt[n,]:l] for i=1,2---,n. Note that, the GWMWE model

camisty of 7 ais of kesl paramstem which for cach locsl wodel b 14m{p+2) unknown
parameters, which should be estimated. The focal pommeters st location W, can be written in the

EXpHESEinT of veTTar m

00, }=[atm,) ¥ (o,} B (0,) BE{u,} -~ BL (w) ) withviw, )=[70,) ry(0,) - yo (o, fF aued

Pl (o =[5m0 Fuln) = B (), for £=12-m and £=1,2,,n :
Y. Hesnlts and Dhiacussdnn |

3, 1. Porameter Exttmation

Let (0.0 ¥] for F=12-- . & a random sample from the multivariote Weiball
distributiog, {3y, X5,,~-. X1 Is the valwe of the covariate and W, ={u, 5] = the comwdmale of the

location of the {™ observation. Based on the satple of size 1, the lkelibood function is defined by

_ - _ Felte} o mvata Yol e ] x
(8w} y) Hf{ﬂ"a}ly.} [H[H g S exp] pre AL E

{5
[ﬁ_ﬂ}“ e ][Hﬂﬂf—ﬁ}'{ qll][ﬁ[i{—llh‘“ Clm d ol ) ﬁi‘l"m'.d]}

_l|'-| £=1 _|"'| 1=l

' wihjﬁimjﬂhl""'"-ﬁ pl- ?3{': j}*{ x| oend x =X A x ) A =1,
1=

In the GWMWHK model, the influence of |be geormphical location fwior is piven by the

weipting of geographiz] locnen oo the natal logacithm of the Ikelihoed Gnetkm, The weighling
| ol propraphical bwalinn [aur om be eomamuoed by ihe wenghting Fomcvion, whicly one of Lhe

@ <

Bl e e e
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approacles is the Gawss function. By using Gawss function, the weighting { iy haf the 4™ ohservation
which has the coordinate of location n;, for the model at the location u, , is caloulaied by

1
wy =enp{-—{d, SB°L = L2 m, (7
where dy is be Buclidion dimanes lweoen be bocation o, ared ¥, md bH = abandwrlh with

h=0. 1 the eonrdinale of location For cach olisarvalion i piven, ten the nalural koparihm of the
likelihoed function with the weighting of seopmaphical location, ¢an be formulated as

£(0(0, )| y,w)=1n (0} ¥} = it.,{ﬂinm:.w}, @

where: [0, ]|z, ) = Ew,E{lnr.m tnafa) +{2%) ’}" oy, ’*“}‘m Jx 1
II

Idl{ﬂ{n,-}|r,w}=iw,{a{n,]—m]ln__u_r; ‘[‘3{“{""”?"}=_g“'gﬂ:{m atid
- 4

Li{Nu }| y, =)= %H@ Ing {u.} with 3.{n}= é{—l}"'c{q latu, }}FF-FH-.] -
F ]

Based on the simphe, the maximum Iikelihood estimators of 8n,) denoted by B(m) is the
vehe of 9(u,} that maximize lkelibood function 2{B{u,}|y). Since, the likellinnd finction (7] is

differentiable with respect to all component of vector &n,), then ﬁ{n‘}llut maximise likelibood
funclxm is often obtained hy solving the squations 2y, Doa(e =0 with 0 isa vector of perog.
In mast sibiationes, 1t 15 more convenient (o work with the nameal Jogarithm of the elihood function,
with the weigthing of geographical location, which ibe maxima is attained at the same poings s those

of #{0u, )] ¥). So, the MLEs ﬂ{l.l,} are the mols of the system al] lilelihood equations

A0} | L0, 1) LM, Y) AL(B(u,)) '
m,) | delw)  qu) AV (u;)

=1, LES|

where the |+ p | 2} dimensional vector giBin, )= Liu, 1}/ o8m; ) om the left hand side of {100 is

cilled the seore vector. Based an the expression of log likelibond Fanction {9, the bkelibood equation
(10} dhoes not have closed form sohutions, becinese it is a nystemn of mierdependent wan Finear equations.
Hemce, the MLER can e ohisinad by Mewion-Raphson ierive meihod. Funherigre, w1 oblnim be

MLEs 8y, ) using Newlom-Bophson alperihe win use te frmuls

B, 71 =, ¥ - I (B, %y, Y, g - 00,2, (10}

whers H{B{u,}) 15 the Howien marrix, which hos size {1+ p+ 23w {1 +m p+2)] . Dasel on the

Equainn (9], 1 wiloufole (be wore vecpor g{ﬁ{nl}l andl e Heanjan miabric H{&(n, )] can b formulated
o [ollears

Ihepmrimenl of Stecows 2wl e insenl of Moalwnoaiic
Tertaiut "L 'ehaiodog Fepnhih Maomlecr, Samlena, hudusesio
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b= 2D o o and maa =TSy o0y an

(e, [ ) — B, )0 (0.}
1.2, Hyputhesta Tearng For Reprowion Faramer e

Hypothesis testing for repnesion parameters in the GWMWHE model invobees prsodness 'of it
siiullancous and partial test. The poal of the icsting of goodiess of Bt 18 to tese wheiber the
genpraphicul location factor influcnces the model Hypothesis testing for poodoess of 1 ot takes 1w
form

Hy A=A, tor k=12 v=12... p (0o imfuanca of e geopmphiesl Factor oo the
mdel)

Al leasl o f (w )= B Ror I=12 g {there & infloanes of the gevpraphical facror on the
model).

The |&al gahstic for 1oning of goodness of © is devormmed by Tkelibood oo 1eo (LR}
method, which is formed by comparing the maximum of the Hkelibood function under population | 5, )
ol umber 1, . Under Ky, tha s of (b pumoerem & given by 0 ={::,jrr,|]ir.|]§_---,|!|;l , LB I3 U
set of parameters on (he wultivaniate Weibull regression or the rlobal model given by equation 5). The
sel of purameters under H & given by £ ={atu, b y" (u, B (0B (w, ). BF (w, ), i=1,2, ) ,
that i the set of pummeters on the GWMWE model Based on the TRT method, the test statistic for
poodness of fit test s given by Wilk’'s lkelibood ratio statistic, which haa the farm

G =2L)- Ly, (12)

where E(0) and £463;) are the manimum of the natural bogarithm of the Icltiond fnction under
A and under £, respectively, where they are given by:

- 4 -
Lify) = 3 2,060} with:
q=1

L) = ;,;i'::{unn{uﬂ lnu{n)ﬂ*"" ‘: Eyin oy — ”*{{“fnln.hf}

Lifi)= (600 -miln 3, s Lyt =3 I £4(8)=Lind (0,
= = :
0,1 = T -1 Ol it )54 iy FolnNaml oy H—}ﬁ{ ),

and L{in}= ¥ L (€3} wih:
=]

Lty = EEllﬂh—hM{-’ -illﬂ_'r'h-—hlr} ()= EI{H M.'llﬂffunfql{ﬂn]"—zfﬁh

=0 k=] Tl

@
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L0 = 3G, : G = S0 T Cm A E " and G, = iuﬁ-*%t—%ﬁim-
=] Sl

i=l
The G stalstc bllows 3" dssrbution with (n—[mp depree of feedom.

The goal of the simellineous tost & (0 confirm the certain covariates thal are rolevant. The
siutancous e uses the fortn;

Hy 2 Fay(uy) = Mgy =2-= Brfu)=0 for k= LL--m,
Hi:Mleastone A (w)el for £=02m  valL-wp | iml2n.

Hy the same way, the test statistic for simollaneoes test s determined by LET method. The set of e
parameters under ff, i given by ar={afu; ), ) - plu k) - A (e i =12

nd the set of be parametcrs uader H, 15 € ={afu, by (0,087 (8, LAT (0, ) - Bl ) i = L2000
that is the: sat of the parameters on the GWMWE model. Based on the LET method, the teat staistic (b
situllaosouws test is Wilk's likelibood ratio siatisdic, which has the form:

Gy = 2(LUD) - L) (1)
where (€} and L(é) are the muximum of the natural logarithm of the Ikelihood function under

H) and mder Hy respectively, where L{d) iz given by

Lin=3 E ) with= 3, =3 (g Yrnboted g o0 5 o
=l o}

Em]

o R w110 frm) -
)= 2, 2t ) n 0 G in g - o ()

L) = 3 (Elw,)-min iy, ;
r=i

L) = ﬂEI A and i@y =3 I fm,) Bor gh, (0,3 =j";.[—n“mcgm,.',&:m}ﬁz”;'“'” :
i =1

i=l
Furthermore, the: (7, stlistic follows 3~ distribution with s degree of freedan,

Lastly, partial test for repression parameter sims to deferiine any - significant porameters
affecting the responss variable, Form of the hypotleeaia 89 follows:

Hy: B (0)=0,
Hyrfh )0 for k=02 mand v=1.2-- p.

Based on the asymplotic normelly propentics of the MLEs, the teu statestic for partial lest is piven hy
Wald siatistic, which las the form

7o ) . (14
SELf U )

Deparmiem of Mangics mil Deqansngt of Malliemalica
butun Tekieibap Sl Napentar, Similar, bbowsis
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and it has approsamately the standard normal disteibution (Pawitan, 2001), [4] Let 7, (0} is the ¢®
companent of e wector Bfu, }, then the siandand emor of f, (n,] & given by (he carimated standard

devigtion  SE(S (00} = K", which &7 & the ((F-INpt D +v+m+2® disgonal teom of

[Ft8u 0T for k=L, 3 mmoand w=12--p , with S, 7)< -EFH(B{u,))) & the Fisher
O i,

4 Concluslon

In thia study in foeuded on the GWMWE model, which is used for continuous nontegatve dato
The GWMWH model & the Weal ninde] ol the mullivirale Weitull repreasion medel, which (e
purnmeter estimation s done on every location where the data & collected. The anslytical method for
gararneler estmation is MLE, by the weiphong of gengraplioci] locaton faclor. The maximum
likelitmgd estimalore com be oblamed by solving the Worlihond cquation, which is the fmerdependent
noo-lincar mystem, by using the Newton-Rophson iterative method. Hypathesis testing for repression
parameters in the GWMWR model involves the lest of goodness of fit, simultancows test and partal
lest, The test statstics for goodness of fit and the simultaneous test ure Wilk's likeliood rmtio staristie,
which are determmed by LET method, and the test statistic for partial 25t is Wald stoustic, which is
derived from dhe asympinic aoeaaliny properly of the mevimmm likelihoed enmear, Futbamors, for
the next study, the convergence of the Mewlon-Raphson algorithm needs to be dizsussed for obtaining
ke ivitial vabe and evalvating the cfficieocy of method;
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