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Statistical Modeling: A New Regression Curve
Approximation using Mixed Estimators
Truncated Spline and Epanechnikov Kernel

Sifriyani, Andrea Tri Rian Dani, Meirinda Fauziyah, and I Nyoman Budiantara

Abstract—In the era of computation, researchers have paid
significant attention to the nonparametric regression method.
Nonparametric regression has the benefit of a high degree of
modeling flexibility. Developing a mixed estimator truncated
spline-Epanechnikov kernel is the most recent innovation in
this study. The truncated spline estimator excels at handling
data whose behavior varies at predetermined intervals. In
contrast, the Epanechnikov kernel estimator has a more
flexible structure and excels at modeling data that does not
adhere to a particular pattern. Maximum Likelihood
Estimation is utilized to estimate parameters. The concluding
section of this study will discuss the estimator properties of the
mixed estimators truncated spline and Epanechnikov kernel
models. The proposed can be utilized for additional analysis in
the field of nonparametric regression.

Index Terms—Nonparametric Regression, Truncated Spline,
Epanechnikov Kernel, Maximum Likelihood Estimation,
Mixed Estimators

1. INTRODUCTION

ONPARAMETRIC regression is a statistical method to

determine the relationship pattern between predictor
variables and response variables for which the form of the
relationship pattern is unknown and there is no past
information [1]-[3]. This differs from parametric regression,
where the relationship pattern between the predictor and
response variables is known [4].

The nonparametric regression approach has received
much attention from researchers because it has high
flexibility in modeling. In the computational era, the
relationship pattern is less rigid. Nowadays, many random,

Manuscript received January 17, 2023; revised June 30, 2023, This work
was supported in part by the funding of the Ministry of Education, Culture,
Research, and Technology (Kemendikbudristek) and Mulawarman
University in 2022,

Sifayani is a Lecturer at the Statistics Study Program. Department of
Mathematics, Faculty of Mathematics and Natural Sciences, Mulawarman
University , Samarinda, Indonesia. (e-mail: sifrivani@fmipa.unmul.ac.id).

Andrea Tri Rian Dani is a Lecturer at the Statistics Study Program,
Department of Mathematics., Faculty of Mathematics and Natural Sciences.
Mulawarman University, Samarinda, Indonesia. (e-mail:
andreatrid andani@fmipa.unmulac.id).

Meirinda Fauziyah is a Lecturer at the Statistics Study Program.
Department of Mathematics, Faculty of Mathematics and Natural Sciences,
Mulawarman University ., Samarinda, Indonesia. (e-mail:
meirindafanziyah @fmipa unmul.ac id).

I Nyoman Budiantara is a Professor in Statistics Department, Faculty of
Science and Data Analytics, Institut Teknologi Sepuluh Nopember
Surabaya, Indonesia. (e-mail: nyomanbudiantara65@ gmail.com).

non-patterned relationship patterns are found, so the
parametric regression approach is unsuitable [5].

In their study, Budiantara et al. [6] outlined how the
nonparametric regression method makes it possible to
adjustments to the estimated regression curve. As time goes
by, approaches to nonparametric regression continue to
evolve. Several estimators have been developed, including
Spline [2], [7]-[9], Kernel [10]-[12], Fourier series [13]-
[15], Local Polynomial [16], [17], Wavelet [18], [19], and
so on. The estimators studied and developed are limited to
using only one form of the estimator in the modeling
process [20].

However, no one guarantees that each predictor variable
has the same relationship pattern and is appropriate if
modeled with only one form of an estimator. The
development of mixed estimator forms is interesting and
needs to be studied. The essential thinking of developing a
mixed estimator form is to approach the regression curve
based on each of its characteristics. Budiantara et al. [20]
developed a mixed spline and kernel estimator, but this
study was limited to using only one predictor for each spline
and kernel component. Ratnasari et al. [5] conducted a
simulation study to develop mixed truncated spline and
Gaussian kernel estimators. Still, this research was limited
to using only one predictor for each component. Dani et al.
[21] developed a mixed truncated spline and Gaussian
kernel estimator that is applied to poverty data on the island
of Borneo, Indonesia. The results showed that the mixed
estimator form has better accuracy than the single estimator.

The innovation that will be carried out in this study is to
develop a mixed estimator form with different
combinations. Based on previous research, studying the
estimator form of a mixed truncated spline and
Epanechnikov kernels is interesting. The two components in
the mixed estimator that will be studied have their
advantages and characteristics, which are expected to be
frequently found in modeling cases. The truncated spline
estimator can handle data whose behavior changes at certain
intervals. Eubank [22] explained that estimating the
regression curve with a truncated spline using the knot point
can handle data pattern problems that show sharp
fluctuations in data pattern changes [23]. The number of
knot points and the location of the optimal knot points have
a significant impact on the truncated spline estimator. [24].
The Epanechnikov kernel estimator is also better at
modeling data that don't follow a certain pattern and has a
more adaptable shape. The Epanechnikov kernel estimator
depends on determining the optimal bandwidth [25]. The




smoothness of the regression curve estimation results with
the Epanechnikov kernel estimator is set to the bandwidth
value.

Based on the description above, this article will develop a
mixed estimator with a combination of different estimators.
The focus of this article is to conduct a theoretical study to
obtain a form of estimation of the nonparametric regression
curve, an additive model between the truncated spline
estimator and the Epanechnikov kemel obtained by
optimizing the Maximum Likelihood Estimation (MLE).

II.PRELIMINARIES

A.Regression Analysis

Regression is a statistical technique for determining the
pattern of relationships [26]. The general form of the
regression model is:

¥, =m(x)+¢ (h
With:
y : response variable
X : predictor variable

m(x,) : regression curve to be approached

2
£ -error random &, ~ N(0,67)

1
m(x,) will be approached with a nonparametric regression

technique, the Mixed Estimator model.

B. Nonparametric Regression Mixed Estimators

The multi-predictor
nonparametric regression model (x>1) whose regression
curve is additive. The regression curve will be approximated
by two or more types of estimators [20]. For example, given

mixed estimator form is a

paired data (x,v,,y) where the relationship between
predictor (x,,v,) and response (y,) variables follow a
nonparametric regression model.

¥, = u(x, V) +g (2)
Where i =1,2,....n.
The regression curve from g(x ,v;) is assumed to be
sense of continuous, and

unknown, smooth in the

differential. Error random &; follows a normal distribution
& ~ N(O.o‘z) . The regression curve u(x,v,) is also
assumed to be additive such that £(x,,v,) can be written:
#(xv) = f(x)+h(v) 3)

with f(x,) and h(v,) are smooth functions.
C. Additive Model

In some modeling cases, especially regression modeling,
researchers often assume that they follow an additive model.
The additive model is a model of the response variable that

depends on the sum of the functions of the predictor
variables.

il £

y, = Z Z Ji(x)+e )

i=1 =1

HI. MAIN RESULTS

A.The Shape of Estimator of Mixed Truncated Spline and
Epanechnikov Kernel Model
Given paired data (x“. B T I P )

and the relationship between predictor variables

Xppa Ky veees X oV 0 Vyaenn, v, and response variables Y

i i

follows a nonparametric regression model.

y, = ,u(_rll I RS T T L ) +& (5)
The shape of the regression curve
i (x“.,xlj SRR L T VPRI U ) 1s assumed to be
unknown and only assumed to be smooth, which means it is

continuous and differentiable. Error random &, follows a

normal distribution £, ~ N,a).

The regression curve is assumed to be additive, so it can
be written:

,u(x“. U S ,vw.) =/ (x“ ) +otf, (xm.) +
h, (vU ) ot hq (vm.)

Equation (6) can be written as follows:

pen) = f(x,)+ 2 h (v,), %)

s=1

(6)

It is known that f (.\'_” ) and h, (vh.) is a smooth function.

Based on Equation (7), the problem in the
nonparametric regression curve mixed estimator is to get the

main

regression curve estimation form g(x,1) .

px)=>f (x.v) +z;u (v) (8)

The regression curve f, (t) will be approximated by the

truncated spline of degree m_  and knot points

0. =(n,.0,....1, )r . The regression curve h, (v“) will
then be reached by the Epanechnikov kernel.

Suppose given the basis for the sample space, Spline
Lx,o X" Jx=—n )" Ixzn ) (x—n )" Tx21)
with [ is an Indicator function. So, the regression curve from
/. (.t'_".) can be written:

F(x) =8, +&,x, +§\1x’.\1f toF G, A+

si i ©)

¢’\'] (x.\'r - il].\'] )’\".‘ +...t+ Q)_‘r (x.\'r - ??\r ) + ?

With ‘:\0 !é:.\ (LR é:.\m LR o are the unknown

regression model parameters.
Furthermore, the estimated regression curve of hx (v“)

can be written as follows:




n 'f;t (1: = )

;r (v) =u"Z -
= u"ZTu_ v-v)

=n 2R My,
i=1

[

(1m

With:

T (v—v) 1 (v—v)
R“ll(]:):”‘7;?—:&(]:_]{):—?—' -
H_IZT“‘ (v—v) a, a,

T is a kernel function. The kernel function used in this study
is the Epanechnikov kernel, which has the formula:

3 5
T()==0-2)% 1, an
4

V—v,
~, ¢ is bandwidth, v is a value determined

with 7=
o

from the predictor variable, and v, is the i-th value of the

predictor variable. The regression curve estimator in
Equation (10) depends on two things, namely, the
bandwidth parameter and the kernel function. The form of
the mixed estimators truncated spline and Epanechnikov
kernel model will be searched in Equation (8) using the
Maximum Likelihood Estimation (MLE) method based on
Equation (9).

Lemma 1
The regression curve f, (.\i_".) given in Equation (8), then:
t=XE+X,9 (12)
Where vector from f, &, and ¢ are given by:
T . . . T
f=(f £ . f)E=(/(x) £(x) - £(x))
T T
=5 & - 8) 8 =(0 & G

‘P,,)T P, =(§0m P P, )T

And matrix X, X, (@) are given by:

o=(9, o, ...

1 X, e x:i:' 1 - xi! | R xm
Lox, a1 w1 o
X =
" o, e,
Loy, ooy 1o x| X
n m, X — e
(rll_qu). (le_r?zl)' ( " q‘“’- )'
X.(p)= (‘fh 7q\|)i:l (xzzinzl)f:l: (tn_q.ur,.)'
(xlu _T;"H);I (xzn —7?3\]': ('Y,-m 77;-".”. )":I"

Proof

Based on Equation (9)
. M,
S ) =6t +ote, X+

", "

= (0“ (I" - r}.\l )— oot (0‘1_‘ (’{.\J - r).u; )—‘
for s =1, obtained

— £ £ !
-fl (‘tu) = o o et Slm, Xt

ay

=@, (0, =)0+ D, (x, - m, )
If it is explained for i =1,2,...,n:

"y

[ _ £ £
fl(xtl) =opto X et 51m,x11 +

=@, (x, — IWu)fjl tote, (x5, - M )"

ity

" —_ = £ £
J“l (xm) =& TE N, Tt 51»1,": +

In

= ‘;Dll(xlu - ?}II)TI Tt @, (xln -1, )

The regression model represented by Equation (9) can be
expressed in matrix form as:

" -4
filx, O At | T

fl(xll) _ Lox, - x:? Su

fl ( xln ) 1 Xia Xy, é:l‘”u

' (.\T“ =1, TI @
T (xll - qui )TI Pra

(xu — )TI

iy

(xll _’711)-

(xln - j‘;"ll)'ﬁjl : (-Yl,, - q“. )fll P
Then. f, =X, &, + X,,(7,)0, .

Fors=2, 3, ..., p, do the same thing, so we get:
s=21, =X, 8 + X, (1,)9,,

s=3.1 =X, 8 +X,,(1,)0,

until

§= P"fp
We get:

= Xp]&p +X;}2(Up )lpp'

=f+f +.+f,

=X § +X,(7)p, +...+
Xplgp + xpl(qp )q)p
=X, § +'“+Xp]ép + X, 07)9,+

-+X,,01,)9,




=(x, X, N
3
LU
=(Xum) Xa(m) - X))
Q,

=X&+X,(me

With vectors £, ¢ , and matrix X ,X,(r7) are given by
Equation (12).

Lemma 2

When the estimator for Epanechnikov kernel regression is
given by Equation (10), and the regression model is given
by Equation (8), then the sum squares of the errors is:

[l = l[1-M(e)]y - X[ .

Where ”8”1 1s a length vector from g.

(13)

N
¥, g
Y= : X = (X, XE[’?]),¢'=[ J.emd
' P
—“ﬂ
YR YR Z&Jn
M(a) = ZR@I("':) ZR@:(":) £=|RW("’:)
4
ZR ,) Z&Jm - YR
Proof

Based on Equation (10)

he () =n"D R, (v,)y, foreach k =1,2,...q.
i=l

For k=1, get ho(v,)= n_lZRa (v,)y, . Since it applies

i=l
toi=1,2....n, then:
h”ﬂ (]’Jl)z Rrx,l(vl)yl + Rrx,l(vl )y: Tt Raln(]' ))
ha (v,)= J'i’mll(v:)yl + Rm vy, + Rm(v )y,
ha (v) =R, (v )y, + R ,(v)y, ...+ R, (v)y,

‘We obtain in matrix form:

he@)) (Ra) RLG) - R0y,

;’!'a, v,) Rrxll(vl) qu(vl) Ra‘n(vl) Y,
};al(l’ ) Rrx,l(v») le(vn) Ra‘n(vn) ‘);J’
=M(e,)y (14)
For k = 2, 3, ..., g, do the same thing, so we get:

k=2, h,=M(a,)y untl k :q.l’:.'q :M(afq)y . So we

get:

YR ()
k=1
YR,
k=1

SR
k=1
SR, L0
k=1

Z&gw
i&m)

M(e) =

gq 4
DR.(v) DR.Lb) - ZR“(»
k=1 k=1

The regression model in Equation (8), Equ‘m()n (14), and
based on Lemma 1, gives:

yzif\_ +ih‘ +g
5=l k=1

=XE+ X, (mMe+M(a)y+&

g (15)
(¢ %) foman s

9
=X(n)P+M(a)y+¢&

Equation (15) gives the sum squares of the errors:
el = ly -Xm@-M@)y[
(16)

=[[1-M(@)]y -X(po|

Theorem 1

Based on Equation (16) it is obtained that the sum of the
squared errors of the mixed estimators truncated spline and
Epanechnikov kernel. The error has a Normal multivariate

with a mean of zero and E(Esr) =cl. L(®, o’ n.a) is
a Likelihood function, so by using the Maximum Likelihood
Estimation (MLE) estimator for the parameter vector @
obtained by optimization.

[I-M(a@)]y -

Max{ X()®

o} = Min (17

Proof
A mixed estimators truncated spline and Epanechnikov
kernel model is presented as in Equation (8), so the

Likelihood function L(®, &~ |r],a:) will be given by:




L(®,6°

n a)—ﬁ[ : evp[g—’lJJ
, s\ 270’ ‘ 20°
5 \-ni2 : 1 2
- (210" exp( L el ]

Based on Lemma 2, the Likelihood function is obtained:
1 |[T-M@)]y -

L= (2M1 )_m “p 20" X(me

(18)

The estimator for parameter @ is obtained using the MLE.

The log-likelihood function is written:

1() =log L(®,5" |57,e)

n o LMy a9
=——log(2)ro")——1 [ ]y
2 207 | XD
Equation (19) will be maximum if the component

||[l - M(rx)]y - }'i(ﬂ';l)CD”2 have a minimum value.

max{L(.)} = min {||[I ~M(a)]y —X(r;)tb”z}

The form of the mixed estimator truncated spline and
Epanechnikov kernel model, which is given in full in
Theorem 2, can be found using Lemma 1, Lemma 2, and
Theorem 1.

(20)

Theorem 2

Given a mixed estimators truncated spline and

Epanechnikov kernel model is presented as in Equation (8),
the sum squares of errors presented in Lemma 2, and the
MLE estimator for the parameter @ is obtained from the
results in the optimization of Theorem 1.

B, () = £ (10) + B () @1
With

f,0(x0) = X()®(1, )

ha(v)=M(ar)y

b(r.a) =[ (X)) X | (Xp) (1-M(@)y

Noted, if the matrix form from X(#7) and M(a) given by
Lemma 1 and 2.

Proof
The MLE estimator from the parameter vector @ :
Min{[[1-M(@)]y - X() @[} = Min{D((®, 5"
With

() =[l1-M@]y - Xl

=[x -M@]y[ - 20" (X)) )[1-M()]y +

n.a))}

>

@' (X)) X(p®
Furthermore, by a partial derivative of the parameter @
and then equal to 0:

d
o
The estimation results of the parameters @ using MLE are
given by:

D((tl:-,g2

q.af)]] =0

O(7,@) = Q1. @)y
With
Qur.a) =[ (X)) (Xm) ] (X(n)' (1-M(@).
Based on Equation (22), the truncated spline estimator given
by EM (x,v)= X(r})(i)(r}, a) , and for the estimation of the
regression curve approximated by the Epanechnikov kernel

estimator ;?rx (v) is given by ;!rx (v)=M(a)y .

Lemma 3
If the estimators @ (17, ). ha (v),f,..(x,v) and [.‘l.rm (x,v)

are given in Theorem 2, then:

-~

f,.(xv)=A(7,a)y and ﬁm (x,v)=P(,)y.
‘Where:

A = Xap[ (Xap) Xop | (Xap) (1-M@))
P(7.2) = A7,0)+ M(@).

Proof

In Theorem 2, given f,.(x.v)= X(?;.')'(i’(l;.'1 @) , s0:
[(Xen) (Xen) | (XY’
(l - M(a))y

Can be summarized as A(n, @)y , with:

Atr.a) = Xop[ (Xop)' Xop | (Xop)' (1-M@)).

£, (x.0) = X (1)

In theorem 2, given I:‘w (XV) = B (X,V) + Fra (V) | 50

B () =F L)+ ha (v)
=(A(m,a)y)+(M(a)y)
=[Am.2)+M(@)]y

Then B, , (x,v) = P(7,@)y .

B.The Properties of the Mixed Estimator Truncated Spline
and Epanechnikov Kernel Model

The next step is to investigate the properties of the

estimator (i)(r},a) , Epanechnikov kernel estimator h.(v),

truncated spline estimator £y (x,v), and mixed estimator

B, ().

Theorem 3

Given a mixed estimators truncated spline and

Epanechnikov kernel model is presented as in Equation (8),




and it is known if ®(n,a), f,.(x,v), h.(v), and

K. (x,v) is an estimator given in Theorem 2, it can be

seen that:

a) ®(p,a), f.(xv), h.(v), and p _ (x,v) are
estimators_that are biased for @ , fM (x,v), h_(v),
and b, (x,v).

b) (il(rg,a), Eqﬁ(x,v), /:la(v}, and |1rm (x,v) are linear

estimators in observations Y .

Proof
a) In Theorem 2 and Lemma 3, given:

b, =[ (Xen) (xen) | (Xop) (1-M(@))y ,

f,.(xv) = Al a)y ,
;.-u (v) = M)y , and

B, () =[A@,e)+ M(@)]y .

Then,
o) £([(x) (xan)] (x) (1-310)y)

~[(xan) (xan) ] (xm) (1-M(@)
|iX(fj)¢' + ig*m}

-0+ [(xm) (xm)] (X)) Te.00-
[(x() (x(m) |

E[®0.a)]=®
E[£,.(x0) | = EA@,@)y)
- AGLa) [i.f"m " Zh (v)}
= A(q,af]if_‘ (x)+A(n, “)Z h (v)
E[&.«(L v)] =f (-r.l’).\- |
E[h.0)]= EAG. @)
- A(n,a)[if_\ () + me}
- A(rr,ﬂ’)if_‘ @ +A(n,ﬂ); )

E [B,, [1:):| #h (V)

En,. 0 = E(AG.@ + M@)]y)
=[AG@)+ M(@)] [Zf_\(.r) + Zh‘_(v)}
=[AGp, @)+ M(a)] Zf_\ (x) +

[AGne)+M@)] D h ()

b) In Theorem 2 and Lemma 3, given:
b@a)=[(Xon) (Xen)| (Xon) (1-M(@)y ,

fru(x,v) = AL @)y . ha(v) =M(@)y | and

B, (x,v)=PHa)y.
It is known that the (i)(r],a). f',,,,(x,v). ;?a (v), and

K, . (x,v) are linear estimators in observations ¥ .

IV. CONCLUSION

Utilizing the mixed estimator truncated spline and
Epanechnikov kernel model, a successful theoretical study
for a new approximation of a regression curve has been
conducted.

a. The mixed estimator truncated spline and Epanechnikov
kernel:

y, = lu(_r“,‘ X v“.,.‘.,v‘ﬂ.) +&,i=12,....n

CEPS

With ge(x,1) = ij (xv)+ > he(v).

5=l

The regression curve f (x”.) will be approximated by
the truncated spline of degree m_  and knot points

n = (’?.\u ¥ B N )r . The regression curve /i, ("m ) ,

then will be approximated by the Epanechnikov kernel.
If it is denoted 1n matrix form, then:

y=if_‘_+ih& +&
s=l k=1

=X(n)@+M(a)y+s&

using the maximum likelihood estimation (MLE)

method, the following parameter estimates are
obtained:

D(17,c) =Q(, )y
with

Qur.a) =[ (X0n) (X() | (Xop) (1-M(@).

The estimation results of the regression curve from the
mixed nonparametric regression estimator form of the
truncated spline and Epanechnikov kernel are:

~ ~

B, (xv) =fra(x,v)+ ;ia (v)
=[A(m.a)+M(a)]y




with

Adr, @) = Xp[ (Xon) Xen | (X0n) (1-M(@)

b. By tracing the properties for each estimator, it is known
that the estimators @(1,a), f,.(x,v), h(v), dan

B, (x,v)are biased estimators but are still linear
estimators in observations ¥ .

The mixed estimator truncated spline and Epanechnikov
kernel model can be applied to multivariable regression
cases. Suppose, several predictor variables with a response
variable that follows the characteristics of the truncated
spline estimator and other predictor variables that follow the
characteristics of the Epanechnikov kernel estimator, then
this approach can be applied.
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