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Abstract

In this study, a multivariate Weibull regression (MWR) model is
proposed. The MWR model is a regression model developed from a
multivariate  Weibull distribution. The proposed MWR model is
derived from the joint survival function of the multivariate Weibull
distribution developed by Lee and Wen [5], in which the scale
parameters are stated in terms of the regression parameters. The aim of
this study is to estimate the MWR model parameters using the
maximum likelihood estimation (MLE) method, and to test the
regression parameters. The results show that the maximum likelihood
estimator can be obtained by using the Newton-Raphson iterative
method. The regression parameter testing involves simultaneous and
partial tests. The test statistic for simultaneous test is Wilk’s likelihood
ratio statistic and the test statistic for partial test is Wald statistic. Wilk
statistic follows chi-square distribution, which can be derived from the
likelihood ratio test (LRT) method. The Wald statistic follows
standard normal distribution derived from the asymptotic property of
the maximum likelihood estimator.
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1. Introduction

The Weibull distribution is a commonly used model in reliability, life
time and environmental data analysis. The univariate Weibull distribution
originally depends on three parameters, namely, location parameter, scale
parameter and shape parameter. A special Weibull distribution is the scale-
shape version. It is a univariate Weibull distribution depending on two
parameters, namely, scale and shape parameters. As the Weibull distribution
development, it can depend on the covariates or explanatory variables [4, 9].
The scale or shape parameter of the Weibull distribution can be expressed in
terms of the regression parameters. Furthermore, a probability density
function of the Weibull distribution in which the scale parameter is expressed
in terms of the regression parameters is called the Weibull regression model.
The Weibull distribution has interrelation functions, such as the probability
density function (PDF), cumulative distribution function (CDF), survival
function and the hazard function. If one of them is known, then the other
functions can be found.

Many references in literature discuss the Weibull distribution, but still
not much about Weibull regression model. O’Quigley and Roberts [7]
proposed a regression model for the study of survival time. The study
discussed parameter estimation of the univariate Weibull regression model,
and the estimated parameter was computed by Fortran program. Hanagal
[2, 3] discussed the bivariate Weibull regression models for survival time
(censored samples) derived from bivariate exponential distribution of
Marshal-Olkin and by extending Freund’s bivariate exponential distribution
with identical covariates and non-identical regression parameters. The
parameter estimation method of bivariate Weibull regression models
proposed by Hanagal was MLE.

Study of both the theory and applications of Weibull regression is still
limited to the univariate and bivariate cases, meanwhile many problems in
various fields involving more than two responses data need solving using
MWR model. Moreover, the study of the Weibull regression model is still
limited on the parameter estimation, whereas discussion about the regression



Multivariate Weibull Regression Model 1979

parameter testing is rarely done. Therefore, as the Weibull regression model
development, in this study, the general model of the MWR and the regression
parameter testing procedures are proposed. The proposed MWR model is
constructed from the joint survival function of the multivariate Weibull
distribution developed by Lee and Wen [5], in which the scale parameters are
expressed in terms of the regression parameters with identical covariates and
non-identical regression parameters. The study is focused on the MWR
model construction, parameter estimation and hypothesis testing for
regression parameter. The parameter estimation method is MLE and the test
statistic for simultaneous test is Wilk’s likelihood ratio statistic which is
derived from the likelihood ratio test method. The test statistic for partial test
is Wald statistic derived from the asymptotic property of the maximum
likelihood estimator.

The remaining part of the paper is organized as follows: In Section 2, we
introduce the general model of MWR. Parameter estimation of the MWR
model is discussed in Section 3, the regression parameter testing is discussed
in Section 4, and finally, we conclude the study in Section 5.

2. The Multivariate Weibull Regression Model

To derive MWR model in this section, first we discuss the interrelation
functions in the Weibull distribution, namely, the survival function, CDF and

PDF. Let [Y; Y5 ---Ym]T be a continuous nonnegative random vector

associated with a typical unit. Lawless [4] defined the joint survival function
denoted by S(yq, ..., ¥im) @s

m
S(Yp, - Ym) = P[ﬂ(Yk > Yk)] =P(Yp >y, Y2 > Y2, s Y > Ym),
k=1

(2.1)
and the joint CDF denoted by F(y, ..., Yn,) is defined by

m
F(Y1, o Ym) = P{ﬂ(Yk < yk)] =P(Yp <Y1, Y2 €Yz, 0 Yin < Yim).
k=1

2.2)
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The marginal survival function and distribution function will be denoted by
Sk(yk) = P(Yx > yk) and F(yk) = P(Yx < yk), respectively, for k =1, 2,
., M.

Based on the probability properties, the relationship between the joint
CDF given by equation (2.2) and the joint survival function (2.1) can be
written as

F(y1, - Ym) =1~ P[ﬂ(Yk < yk)] 1 p{
k=1 K

m

(Y > Y )J-

=1
or

m

F(Ys o Ym) =1= D () + D S(¥iy: Yigy)

k=1 ky <k

m

= D S(s Vi Vi) + o+ (DS(Y, s V) (23)
k1<k2<k3

[1]. For 3-variates case, the relationship (2.3) can be expressed as

F(y1, Y2, ¥3) =1-S(y1) = S(¥2) = S(y3) + S(¥1, ¥2)

+S(Y1, Y3) + S(Y2, ¥3) = S(V1, Y2, Y3)- (2.4)

Let the CDF F(yy, ..., ¥in) and the joint survival function S(yy, ..., ¥im)

be absolutely continuous functions, by differentiating both sides of equation
(2.3) with respect to vy, Y, ..., Yy, the joint PDF f(yq, ..., yy) of the
multivariate Weibull distribution can be obtained, that is,

amF(yl, . ym) _(_\m amS(yl, “ey ym)
s oym D i oys oy, @Y

Lee and Wen [5] constructed the joint survival function of the
multivariate Weibull distribution for continuous nonnegative random vector

f(Y1, Y2, 00 Ym) =

y =[Y; Y, ---Y,]" which is given by equation (2.6) as follows:



Multivariate Weibull Regression Model 1981

vk ]2

S(Y1, Y2, s Ym) = €XP| = Z(X—t)a : (2.6)
k=1

with 0 <a <L 0<yy, Yo, Y < 0< Y1, ey Y <@ @nd 0 < Aq, ..., Ay
< oo, The parameter a represents the degree of dependence in associations of
Y1, Yo, ..., Yy, the parameters y, and Ay for k =1, 2, ..., m are shape and
scale parameters, respectively. The cases a =0 and a =1 correspond to
maximal positive dependence and independence, respectively. Lu and
Bhattacharyya [6] showed that the correlation coefficient of any pair of the
random variables on the multivariate Weibull distribution is nonnegative,
which can be obtained from the general moment of random variables of the
bivariate Weibull distribution. Furthermore, Lee and Wen [5] derived the
general moment of random variables of the multivariate Weibull distribution.
The marginal survival functions of (2.6) are

Sy (yy) = exp{-B’—tTk] fork =1 2, ..., m. 2.7

The PDF of the scale-shape version of the univariate Weibull distribution can
be derived from the survival function (2.7) by using the relationship (2.5),
and it has an expression:

-1 v
_x[y] [y
(=1 e"p{ H J
It follows directly (2.5) and (2.6), the joint PDF of the multivariate Weibull

distribution can be obtained, and it has an expression as follows:

m

oY1, Y2, s Ym) = g@jg_t)@/_tj%k_l expl- A7 ]

m
x A;’;g—m[z (-)"*™c(m, 4, a)Aﬁn“)aJ, (2.8)

(=1
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Tk

w( Yk |2
, Wh = |5 d
[5], where A, kﬂ(lk) an

m a Lk
m
C(m, ¢, a)= Z le,zz,...,éml_[[kJ '

li+lo+ -+l =1 =1
L4420+ +Mmlpm=m
Ly is a nonnegative integer

m

le,fz,...,zm - (41: loy i I

defined b m M and (¥ —A 511
y by, Lo,y I _flllefml k _(a—k)'k' ' '

To compute C(m, /, a), the summation is extended over all partitions of m

J is the extended multinomial coefficient

into ¢ parts, that is over all nonnegative integer solutions of the system of

m m
equations » ¢ = ¢ and ) k¢, = m. From (2.8), for m = 3, we get
k=1 k=1

3
> (-)*3c@ ¢ a) Al = a(a-1)(a-2) - 3a%(a - 1) A +a° A3,
(=1

where
3 y y?k y % y YEZ y %3
m =) =G G
and for m = 4, itis obtained that
3
Z(_1)£+4C(4’ /. a)Ay—l)a
=1

= -aa-1)(a-2)(a-3)+(7a* -18a% +11a%) A

—6a(a-1)A2% + a*Af?,
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and

Y1 Y2 13

4 Tk n Y2 13 Y4

RS- G )

A kz;[kk M A2 A3 Ay
Furthermore, parameter estimation of PDF (2.8) can be done by using the

MLE method.

In a univariate Weibull regression, the scale parameter can be expressed
in terms of the regression parameters [2-4]. In a similar manner, the scale
parameters of the multivariate Weibull distribution can depend on the
covariates, that is, the scale parameters of the joint survival function stated in
equation (2.6) can be expressed in the regression model. Because the scale
parameters are positive valued, then A for k =1, 2, ..., m can be expressed

in terms of the regression parameters in the following way:
T
Ak = exp[Brx] = exp[Byo + BraXq + -+ + Brp X p, (2.9)

where [31 = [Bxo By - ka] isalx(p+1) vector of regression parameters

with  —oo < By <0 for k=1,2,..,m; h=01212 .,p and x=

[1 Xy Xp-- X ]T is a (p+1)x1 vector of covariates or independent

p
variables. Using the relationship (2.9), the joint survival function (2.6) can be
written in terms of the regression parameters as follows:

S(Y1, v Ym) = exp[-A5], (2.10)

where
m
A = ) (7% % exp) - T x|
k=1

Based on the joint survival function given by equation (2.10), the joint
PDF stated in terms of the regression parameters can be determined by using
a relationship (2.5), and it has an expression as follows:
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m
f(Y1r Y21 s Ym) = [H%"(yk /2 exp[—%"ﬁlxﬂ exp[-47]
k=1

m
x ﬁg,—m{Z(—l)“mc(m, /, a)ﬁﬁf—l)a} (2.12)
/=1

The joint PDF given by equation (2.11) is called a multivariate Weibull
regression (MWR) model. It has m(p + 2) +1 parameters consisted of one

parameter of degree of dependence, m shape parameters and m(p +1)
regression parameters. The parameters of the MWR model (2.11) can be

written in the vector form as 0 = [a v BT ]T, with v = [v1 72 = Ym];
B' =[B] B> Br]and Bg = [Bro Pra = Bl for k =12, ..., m.

For m = 3, the model (2.11) is known as a trivariate Weibull regression
model which has an expression

3
Fy1 ¥2. y3) = [Hy?k Y|(<y'</a)_1 exp[— %k B XH Qa5 % exp[-45],
k=1

(2.12)
[10], with
3
Az =D (¥ yik/a exp[— y—kﬁlx}
=] a

and

Q; =ala-1)(a-2)-3a%(a-1)45 + a> 43
3. Parameter Estimation of the MWR Model

The parameter estimation method proposed for the MWR model in this
study is MLE. The initial step of the MLE method is defining the likelihood
function. Suppose that there are random samples (Yyj, Yoi, ..., Ymi) Of
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responses taken from the population of the multivariate Weibull distribution
which has joint PDF (2.8), and (Xyj, Xoi, ..., Xpi) fori=1, 2, .., n arethe

observation values of covariates. The likelihood function of (2.11) is defined
by

Z(0]y)

[1f@)
i1

(H [lm[ ?k yiq )7/ exp[— %k B xi BJ [ﬁ Ami "
k= i1

{Hexp{ A8 J(H(Z( -)™Me(m, £, a).al ”aJ . (3)

The idea of MLE method is to obtain the estimator (8) maximizing the
function (3.1). Because #(0|y) has partial derivatives with respect to all

components of vector 0, then 0 is often obtained by solving the equation

0Z(y]0) _
o0

natural logarithm of #(0|y), because its maxima are attained at the same

. In most situations, it is more convenient to work with the

points as those of .#(0|y). Taking natural logarithm on both sides of (3.1),

we get
4
L(0]y) = log Z(0]y) = D_Lg(0]y), (3.2)
q=1
where
o1y = > (logri ~loga-+ (1 ~1]iog s - L pfxi |, 33
i=1 k=1

Lo(0]y) = D (a—m)log An;, (3.4)
i=1
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n
Ls(0]y) = - AR, (3.5)
i=1
La(0]y) = > logQ;, (3.6)
i=1
where

m m
Qi = ;ﬂ(—l)f+mC(m, 6 A%, A = kzzl(yki /e exp[—%kﬁlx&

and
~ T
xj =[1 Xg Xpi - Xpil

Based on (3.2), the maximum likelihood (ML) estimator of MWR model
(6) is obtained by solving the equation

oLely) _
=5 =0, (3.7)

where 0 is (L+ m(p + 2)) x1 vector zero, and 0 satisfies 8L(§|y)/60 =0.

Equation (3.7) is known as the likelihood equation, and the left hand side of
equation (3.7) is the gradient vector. Let the gradient vector oL(0)/00 be a

scalar vector which has the general form

.
_ oL(8) | aL(B) oL(B) oL(B)
2(0) = — —{ - 6[*4’ (3.8)

where

oL(e) _ [OL(G) oLe) al_(e)} g OLO) _ {OL(G) oLe) al_(e)}
ot Lon 2 Om o' Lol op:  opn

with

oL(e) _ [GL(B) oL(e)  aL(e)

fork=1 2, .. m.
Br  LPko Pia aquJ
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Considering on the expression of the functions (3.3)-(3.6), the likelihood
equation (3.7) is a system of interdependent nonlinear equations which
cannot be solved analytically for obtaining the explicit expression (closed
form) of the ML estimator. However, it can be solved numerically by the
Newton-Raphson procedure, and the ML estimator (é) is estimated by the
roots of likelihood equation (3.7). To apply the Newton-Raphson algorithm,
computation of the gradient vector and the Hessian matrix is required. The
Hessian matrix is the symmetric matrix of the second order partial
derivatives of L(0) with respect to all combinations of the components of

vector 0, and it has the general form

0%L(0)  %L(8) O%L(0)]
oa’>  ocady'  oacp'
o°L(0)  2%L(e)  8°L(0)
oroa oyt oyop’ |
0°L(0)  2%L(e)  8°L(0)
| B2 opoy’  opop’

H(0) =

(3.9)

Based on the expression of function (3.2), to calculate directly the
gradient vector (3.8) and the Hessian matrix (3.9) is not simple, hence to
make the calculation easier, these can be split into four parts, so that

oL (0)
5(0) = qu(e) Z , (3.10)
and the Hessian matrix is formulated as
4 4 A2
0Ly4(0)
H(0)= > Hq(0)=> ——, (3.11)
=1 q=1 0000

where Lq(8) for q =1 2,3, 4 is given by equations (3.3)-(3.6), respectively,
[10].

Based on the expression of equation (3.6), the component of vector
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£4(0) can be formulated as follows:

g4(0) = Z FQ' } (3.12)

and the elements of the symmetric matrix H,4(0) can be obtained by using

n
0°Q Qi || 6Q;
H,(0) = L O [ }[ . (3.13)
; ﬂaoa(ﬂ 8 ]l oT
Because the gradient vector and the Hessian matrix of log-likelihood (3.2)
are now known, then the Newton-Raphson algorithm can be applied to obtain

0 that maximizes the function (3.2) or (3.1).

the form

4. Hypothesis Testing for Regression Parameter

Hypothesis testing for regression parameters of the MWR model
involves simultaneous and partial tests. The goal of the simultaneous test is
to confirm the influence of covariates simultaneously. The hypothesis form
of the simultaneous test is

o B~ B == B =0
H, : Atleastone By =0, for k =1, 2, .., m, (4.1)

where By = [Br1 B2 - ka]T and 0 is p x1 vector zero. The test statistic

for simultaneous test is derived from the likelihood ratio test (LRT) method

given by LR = E(QO). Based on the LRT method, Wilk’s likelihood ratio
Z(Qy)

statistic has a form

=2 Iog{ : } = 2(L(Q) - L(p)) (4.2)

[8], with L(.) = log (), @ = {4, y", B"} being the set of parameters under
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population maximizing L(0), namely, the estimator of the MWR model

parameters, and Qg = {&, 70, B10, B2g, - Bmo} IS the set of parameters

under Hp maximizing L(0).
Based on the asymptotic distribution of ML estimator, the statistic G can
be written in the quadratic form as follows:
A A ~ ~ d
2(L(Q) - L(Qp)) ~ (0 - 0)T 1(8)(6 - 0) — 17, (4.3)

where 1(0) = —E[H(®)] is the Fisher information matrix [8]. Based on (4.1),
equation (4.3) can be written as

2(L(©) - L(©)) = 8T1(®)8 S 72,

where under Hg, we have E(é) = 0. Hence, the G statistic follows the

asymptotic chi-square distribution with mp degree of freedom. For
significant level o with 0 < a <1, if the value of G exceeds from (1- o)-

guantile of the chi-square distribution, then the null hypothesis is rejected.

Partial test for regression parameters aims to determine any significant
parameters affecting the MWR model. The hypothesis for partial test is
frequently put in the form

Ho - Bkn =0
Hy :Bkh 20, for k=1 2,..., mand h=1 2, ..., p. (4.4)
Based on the asymptotic normality properties of ML estimator, the
asymptotic distribution of the ML estimator (6) is given by (é -0) E)

N(0, [1(8)] 1), and it is equivalent to

[1O)F26 - 0) S N, 1), (4.5)

where [I(B)]]/2 x[I (9)]1/2 =1(0) and I, is the L+ m(p+2))x(L+m(p+2))
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identity matrix. Let (Byn — Bun)/SE(Bn — Bkn) be the jth component of

vector [l (0)]1/2(6 —0). Then any component of vector (4.5) is distributed as
N(0, 1), that is,

M ~ N(0, 1). 4.6
SE(Bxn — Bkn) 01 “9

From (4.6), the test statistic for the individual parameter test Hy : By, = 0 is
given by Wald statistic [8]:

_ B 4.7
SE(Bkn) @D

where under Hg, E(Bin) = PBin = 0. Under Hy, W statistic follows the

standard normal distribution. The standard error of Bkh is given by the

estimated standard deviation SE(Bk\,) =gl , where d 1 is the jth diagonal

term of [1(0)]™X. The decision will reject H, if the value of |W | is greater

than (1 - %) -quantile of standard normal distribution, or Hp will be rejected

if p_value < o, where p_value = Zf‘o\jv | f,(z)dz with Z ~ N(0, ).

To evaluate the goodness of proposed MWR model, the additional
information like the mean square error (MSE) given by

MSE = %;(fi ~ )2, 4.8)

where f is the PDF of the population distribution given by (2.8) and f is the
MWR maodel, is needed.

5. Conclusion

The multivariate Weibull regression model is a joint probability density
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function of the multivariate Weibull distribution in which the scale
parameters are stated in terms of the regression parameters. The multivariate
Weibull regression model discussed in this study is constructed from the joint
survival function of the multivariate Weibull distribution developed by Lee
and Wen [5]. The parameter estimation method of the MWR model is
maximum likelihood estimation. The result shows that the likelihood
equation is a system of interdependent nonlinear equations, which cannot be
solved analytically to obtain the closed form of the exactness of the
maximum likelihood estimator. The maximum estimator of the multivariate
Weibull regression parameters is estimated by the roots of likelihood
equation solved by using the Newton-Raphson iterative method. Hypothesis
testing for regression parameters of the multivariate Weibull regression
model involves simultaneous and partial tests. The test statistic for
simultaneous test is Wilk’s likelihood ratio statistic. Wilk statistic follows
chi-square distribution, which can be derived from the likelihood ratio test
(LRT) method. The test statistic for partial test is Wald statistic. Wald statistic
follows standard normal distribution derived from the asymptotic property of
the maximum likelihood estimator.
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