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Abstract 

In this research, studied multivariable nonparametric geographically weighted regression use truncated spline approach. 

The model is an expansion of nonparametric truncated spline regression that takes into account geographical or spatial 

factors. The purpose of this study was to find statistics test and distribution for the simultaneous hypothesis test. This 

study obtains the statistic test used the maximum likelihood ratio test (MLRT) method. Results of the research obtained 

statistics test based on the ratio between the maximum of the likelihood function under the set of H0 and the maximum 

of the set likelihood function below the population with each have a spatial factor. Distribution of statistical tests has 

been proven to have a distribution of F. The modeling application used the percentage of the death of Dengue 

Hemorrhagic Fever (DHF) in 38 districts/cities in East Java Province. The modeling resulted in the determination 

coefficient of 80.7% and SSE value that is 0.0043. 

Keywords: nonparametric regression, truncated spline, geographically weighted regression, multivariable, 

simultaneous test 

1. Introduction 

Regression analysis is a method in statistics used to model relationship patterns and mathematical models between 

response variable (𝑦) with predictor variable (𝑥). The method aims to estimate or predict the value of the response 

variable if the value of the predictor variable is known (Draper and Smith, 1998). One method used to model spatial 

data is Geographically Weighted Regression (GWR). GWR model contains predictor variables which each regression 

coefficient depends on the location where the data is observed. Each parameter value is estimated at each observation 

location, therefore each point of observation location has different parameter values (Fotheringham, et al. 2002). If each 

parameter is constant at each geographic location, the GWR model will be the same as the linear regression model. This 

means that each geographic location has the same model. Research using the GWR theory is conducted by Brunsdon, et 

al (1995, 1996, 1997, 1999), Fotheringham, et al (1995, 1997), Crespo, et al (2007), Leung, et al (2000b). 

The GWR method developed is still in linear form. In several realities faced in both spatial and non-spatial data 

modeling, the question is whether all the relationships between predictor and response variables form a known 

regression curve, for example linear pattern. In fact, not all data relations patterns have known regression curves. 

Considering the rapid development of science and technology and paying attention to natural symptoms leading to 

unusual patterns, it is very difficult to predict natural behavior. In the past decade, a farmer was able to predict exactly 

when the dry and rainy season began and ended in various geographical regions very well, therefore farmers were able 

to prepare themselves when starting rice and when to harvest it, but now it is difficult. The problem of the percentage of 

poverty, underdevelopment, literacy rates, increasing ignorance, and uneven development in each region along with the 

causal variables are some examples of events whose pattern is unclear and does not follow a certain pattern hence as to 

be irregular (Budiantara, 2009). 

GWR has been developed to address the problem of spatial heterogeneity. But a good model should be viewed from 

various aspects and put a modeling problem right on the portion. The differences in environmental and geographical 

characteristics between observation locations result in observations having different variations, or there are differences 

in the influence of predictor variables on the response variables for each observation location. How do you solve if the 

influence of the predictor variable on the response variable does not follow a certain pattern and there are changing 

patterns in certain sub-sub intervals? In this situation the GWR model has not been able to overcome this problem, 

therefore it is highly considered that the researchers developed a nonparametric regression in the GWR model (Sifriyani 

et al, 2018c). 
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The purpose of this study was to find a statistical simultaneous test for nonparametric regression parameters in the 

GWR model using the Maximum Likelihood Ratio Test method. The purpose of the next study, found the distribution of 

test statistics and decision-making criteria. After obtaining the formulation from the statistical test, it was then applied to 

Dengue Fever Data in 38 Regencies / Cities in East Java. 

2. Multivariable Nonparametric Spline Regression in the GWR Model 

Multivariable Nonparametric Spline Regression in the GWR Model is the development of nonparametric regression for 

spatial data with parameter estimators of a local nature for each observation location (Sifriyani et all, 2018c). In the 

regression model the assumption used is an error with a normal distribution with zero mean and variance 𝜎2(𝑢𝑖, 𝑣𝑖) at 

each (𝑢𝑖 , 𝑣𝑖) location. Location coordinates (𝑢𝑖 , 𝑣𝑖) are one of the important factors in determining the weight used to 

estimate the parameters of the model. Data is given (𝑥1𝑖 , 𝑥2𝑖 , … , 𝑥𝑙𝑖 , 𝑦𝑖) and the relationship between (𝑥1𝑖 , 𝑥2𝑖 , … , 𝑥𝑙𝑖) 
and 𝑦𝑖 is assumed to follow the multivariable nonparametric regression model as follows: 

𝑦𝑖 = 𝑓(𝑥1𝑖 , 𝑥2𝑖 , … , 𝑥𝑙𝑖) + 휀𝑖 ,     𝑖 = 1,2, … , 𝑛 ,                         (1) 

where 𝑦𝑖 as the response variable and 𝑓(𝑥1𝑖 , 𝑥2𝑖 , … , 𝑥𝑙𝑖) is a regression curve that is unknown and assumed to be 

additive. 

Mathematically the form of the relationship between the response variable 𝑦𝑖  and the predictor variable 

(𝑥1𝑖 , 𝑥2𝑖 , … , 𝑥𝑙𝑖) at the i location for the Multivariable Nonparametric Spline Regression in the GWR Model, can be 

stated as follows (Sifriyani et all, 2018a): 

𝑦𝑖 = 𝛽0(𝑢𝑖 , 𝑣𝑖) + ∑ ∑ 𝛽𝑝𝑘(𝑢𝑖 , 𝑣𝑖)𝑥𝑝𝑖
𝑘𝑚

𝑘=1
𝑙
𝑝=1 + ∑ ∑ 𝛿𝑝,𝑚+ℎ(𝑢𝑖 , 𝑣𝑖)(𝑥𝑝𝑖 − 𝐾𝑝ℎ)+

𝑚𝑟
ℎ=1

𝑙
𝑝=1                   (2) 

Equation (2) is a Multivariable Nonparametric Spline Regression model in the GWR Model m degree with n area. 

Based on equation (2), simultaneous hypothesis testing will be carried out using the maximum likelihood ratio test. 

3. Methods 

The steps to determine the hypothesis for simultaneous test of Multivariable Nonparametric Geographically Weighted 

Regression Use Truncated Spline Approach are as follows:   

Step 1. Applying hypothesis model 

𝐻0: 𝛽11(𝑢𝑖 , 𝑣𝑖) = 𝛽12(𝑢𝑖 , 𝑣𝑖) =  = 𝛽𝑙𝑚(𝑢𝑖 , 𝑣𝑖) = 𝛿1,𝑚+1(𝑢𝑖 , 𝑣𝑖) = 

𝛿1,𝑚+2(𝑢𝑖 , 𝑣𝑖) =  = 𝛿𝑙,𝑚+𝑟(𝑢𝑖 , 𝑣𝑖) =  , 𝑖 = 1,2, … , 𝑛 

𝐻1: at least there is one of   𝛽𝑝𝑘(𝑢𝑖 , 𝑣𝑖) ≠   or 𝛿𝑝,𝑚+ℎ(𝑢𝑖 , 𝑣𝑖) ≠  , 

 = 1,2, … ,  ;  = 1,2, … , ;  = 1,2,… ,  ; 𝑖 = 1,2, … , 𝑛 

Step 2. Defining the parameters set under the population 𝛀. 

Step 3. Obtaining the MLE estimator for the parameters under 𝛀. 

Step 4. Maximizing the likelihood function under 𝛀 namely  ˆL  . 

Step 5. Defining the parameter space under H0 namely 𝜔. 

Step 6. Determining estimator  0β̂ ,i iu v and  2ˆ ,i iu v  which are parameters under H0. 

Step 7. Obtaining maximum likelihood function under H0 namely  ˆL  . 

Step 8. Obtaining the statistic test 

Step 9. Determining the distribution of 
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Step 10. Determining the distribution of statistic test *V . 

Step 11. Determining the rejection area of 𝐻0 
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Step 12. Empirical study 

4. Result and Discussion 

4.1 Parameter Estimation Under Hypothesis H0 and H1 For Multivariable Nonparametric Geographically Weighted 

Regression Use Truncated Spline Approach 

After obtaining the result of hypothesis testing which stated that the Multivariable Nonparametric Geographically 

Weighted Regression Use Truncated Spline Approach is not the same as the nonparametric truncated spline regression 

model (Sifriyani, 2018b). Further research is to perform simultaneous test of parameters for Multivariable 

Nonparametric Geographically Weighted Regression Use Truncated Spline Approach with hypothetical form (2). 

Futhermore, given parameter space under H0 which is symbolized by𝐿(ϖ) and parameter space under population which 

is symbolized by 𝐿(Ω). The set of parameters under H0 ie: 
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      (3) 

Lemma 1 and Lemma 2 are given to explain the parameter estimator of model. 

Lemma 1 

If  0β ,i iu v is parameter under H0 from equation (2), then the estimator  0β̂ ,i iu v is given by: 
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                                    (4)

 

Proof 

To obtain the estimator  0β̂ ,i iu v , we form a likelihood function under parameter space of population  L  . Since 

𝑦𝑖is normal distributed with mean  0β ,i iu v  and variance  2 ,i iu v , then the probability functions of 𝑦1, 𝑦2, … , 𝑦𝑛 are 

given by: 

𝑓(𝑦1, 𝑦2, … , 𝑦𝑛) = ∏ ,
1

√2𝜋𝜎ϖ
2 (𝑢𝑖,𝑣𝑖)

exp (−
1

2𝜎ϖ
2 (𝑢𝑖,𝑣𝑖)

[𝑦𝑗 − 𝛽0(𝑢𝑖 , 𝑣𝑖)]
2
)-𝑛

𝑗=1            (5) 

Furthermore, the joint probability function above is assigned a geographical weighting 

 j i
w

to obtain a likelihood 

function as follows: 

𝐿(ϖ) = (2𝜋)−
𝑛

2(𝜎ϖ
2(𝑢𝑖, 𝑣𝑖))

−
𝑛

2exp (−
1

2𝜎ϖ
2 (𝑢𝑖,𝑣𝑖)

∑ 𝑤𝑗(𝑖)[𝑦𝑗 − 𝛽0(𝑢𝑖 , 𝑣𝑖)]
2𝑛

𝑗=1 )                        (6) 

Ln likelihood function is given by:

 

 

ln 𝐿(ϖ) = −
𝑛

2
ln(2𝜋) −

𝑛

2
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2
)𝑛

𝑗=1                  (7) 

Estimator  0β̂ ,i iu v will be obtained based on derivative result
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and the estimator  0β̂ ,i iu v  
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Equation (9) is equivalent to equation as follows: 

 0

ˆ
β ,  Yi iu v B

                                    (10) 
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Furthermore, the estimator  2ˆ ,i iu v is presented in Lemma 2. 

Lemma 2 

If  2 ,i iu v is a parameter under H0 from equation (2), then the estimator  2ˆ ,i iu v  obtained from likelihood function: 

𝐿(ϖ) = (2𝜋)−
𝑛
2(𝜎ϖ

2(𝑢𝑖 , 𝑣𝑖))
−
𝑛
2exp(−

1
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2
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) 

(12) 

is given by: 
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Proof 

Estimator  2ˆ ,i iu v is obtsained using likelihood function: 

𝐿(ϖ) = (2𝜋)−
𝑛

2(𝜎ϖ
2(𝑢𝑖, 𝑣𝑖))

−
𝑛

2exp (−
1

2𝜎ϖ
2 (𝑢𝑖,𝑣𝑖)

∑ [𝑦𝑗 − 𝛽0(𝑢𝑖 , 𝑣𝑖)]
2𝑛

𝑗=1 )          

(14)

 

Ln likelihood function is given by: 

ln 𝐿(ϖ) = −
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2
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2
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Therefore obtained estimator  2ˆ ,i iu v ie: 
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Based on Lemma 1 and Lemma 2 obtained the maximum likelihood function as follows: 
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Furthermore, given the parameter space under population(Ω) as follows: 

            2
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and likelihood function on parameter space under hypothesis H1(Ω)ie 
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where 
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Futhermore, given Lemma 3 to explain likelihood ratio between  ˆL   and  ˆL  .  

Lemma 3 

If  ˆL   and  ˆL   are resspectively given by (18) and (20) then the likelihood ratio  is given by: 
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Proof 

Based on Lemma 2, the likelihood ratio from equation (17) and (22) sie: 
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∎                                (24) 

4.2 Statistic Test for Multivariable Nonparametric Geographically Weighted Regression Use Truncated Spline Approach 

Given the following simultaneous test of parameters for multivariable nonparametric truncated spline regression in the 

GWR model, which is complete given by Theorem 4. 

Theorem 4 

If likelihood ratio   is given by Lemma 3 then the simultaneous test of parameters for multivariable nonparametric 

truncated spline regression in the GWR model on equation (1) is given by: 
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Proof 

Based on Lemma 3 obtained likelihood ratio as follows: 
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Based in MLRT method, hypothesis ssH0 is rejected if: 
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For a constant c . Equation (27) is equivalent to: 
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The two sections of the inequality above, the numerator are each divided by: 
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Consequently the statistic test of hypothesis H0 and H1 is given by: 
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∎                                (32) 

The resulting statistical test is different from the results of Leung et all, 2000, Fotheringham, et al 1995 and 

Fotheringham, et al 1997. Equation (23) contains the knot point and the nature of the idempotent matrix, so that for the 

completion of the distribution of statistics test cannot use several theories which said that if A is a symmetric matrix 

sized 𝑛 × 𝑛 and random vector y has 𝑁(𝟎, 𝑰) distribution hence 𝒚𝑇𝑨 𝒚 follows a 𝜒𝑟
2 distribution if and only if A is 

an idempotent matrix and has rank r (Rencher, 2000). 
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4.3 Distribution of Statistic Test and Critical Area of Parameter Hypothesis for Model 

Next we find the distribution of the statisticaltest *V . To obtain the distribution of this statistic test, Theorem 5 is 

required. 

Theorem5 

If  ,i iM u v is matrix given by Lemma 2 then the statistics: 
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Proof 

Based on Lemma 1, obtained 

ˆ
Y= YB                                       

(34)
 

Based on the equation above, obtained vector of error as follows: 

 ˆ
ε̂ Y Y= I YB  

                                
(35) 

Furthermore the sum squareof error (JKE) under H0 is obtained by squaring the following vector of error: 

   
TT Tˆ ˆJKE ε ε =Y I I YB B                             (36) 

where       0 0
ˆ ˆε β , β , 0i i i iE u v E u v   dan  T 2ε ε IE 

 

Obtained sum square of error under H0: 

   
T

ˆ ˆ
JKE Y Y Y Y  

 
 

   
TTε I I εB B                                   (37) 

   
T

I IB B   is a symmetric matrix and ~  20, IN  , then the expected value of equation (11) is: 

       TTJKE I IE E tr B B      

    T 2I Itr B B    
                           (38) 

Since    
TTε I I εB B    is a quadratic form of random variables: 

   
TTY I I Y 0B B                                   (39) 

where    
T

I IB B   is a symmetric matrix sized 𝑛 × 𝑛. Consequently the matrix    
T

I IB B    is positive semi 

definite, but matrix    
T

I IB B   is not idempotent. Futhermore, obtained: 

   
T

T

2

JKE
I IB B 

 

  
  

                           (40) 

Since  ~  20, IN   therefore 



~  0, IN . Then, since matrix    

T
I IB B   is not idempotent, the distribution 

of statistics is as follows: 
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2

JKE


~

2

pc                                      (41) 

For constants cand p. Based on equation (12), obtained: 

    T

2

JKE
I IE tr B B 



 
   

 
                          (42) 

Since    
T

I IB B   is a symmetric and positive semi definite matrix then based on Theorem 2 on Chapter III, there 

was an orthogonal matrix H ,  hence: 

     
T T

1 2I I diag , , , nH B B H                         (43) 

With   is a diagonal matrix which 1 2, , , n   are Eigen values from matrix    
T

I IB B   . The result 

obtained: 

   
T

T

2

JKE
I IB B 
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                                        (44)
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1

n
i

i
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where    
T TI IH B B H     ,  

T

1 2 n    and random variables 1 2, , , n 

  
 are normal distributed 

which is independent and identical. Hence: 

2

i



 
 
 

~
2

1                                     (45)
 

With mean 1 and variance 2. Hence: 

2

2
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2

1

JKE
var var

                 2

n
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                              (46) 

Since    
TT

2

ε I I εB B 



  ~
2

pc therefore: 

    T

2

JKE
I IE tr B B c p 



 
    

 

 

2

2
1

2

JKE
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n

i

i

c p


 

 
 

 





                                         

(47) 

The values of c and p are substituted in the following equation: 

     

2 2
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2
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2 2
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and                                      (48) 
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Thus the distribution of 

     
2

T
2

2 2
2

1

I I ˆJKE
n

i
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tr B B

c

  

 




 



~

2

p                           (49) 

This shows that 
2

JKE


 follows the distribution of 

2

pc  with mean c p  variance 
22c p  and the degree of freedom 
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. 

Given the JKE of equation (10) and equation (15), obtained 
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∎                          (50) 

Corollary 6 

If statistics V* is given by Theosrem 4, therefore 

 

     

 

     

T

2
T

2

1*

T

2
T

2

1

Y ,  Y

I I

Y  ,  Y

tr I ξ I ξ

i i

n

i

i

i i

n

i

i

M u v

tr B B

V
D u v

 









 
  

 
 
 
 

 
  

 
 
 
 





~            
2 2

T T

2 2

1 1

*

I I tr I ξ I ξ

,
n n

i i

i i

tr B B

F

 

 
 

 
    
 
 
 
 
 

 

               (51) 

Proof 

Based on Theorem 5, obtained statistics: 
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Furthermore, obtained statistics: 
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*
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                              (53) 

As a result, obtained statistics: 
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∎             (54) 

Here is derived the rejection area for simultaneous hypothesis of parameters in multivariable nonparametric truncated 

spline regression in the GWR model, the critical area for this test is given by Lemma 7. 

Lemma 7 

If given a test statistic V*as in Theorem 4 then the rejection area for hypothesis H0 in Equation (2) is given by: 

    *

1 2 1 2, , , , , , , , ;l lC y x x x y x x x V c 
                      (55)

 

For a constant c obtained by the equation: 

 * ,   0 1P V c     
                                (56)

 

where  is a level of significance which is determined and  
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Proof 

Based on Theorem 4, obtained: 
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                  (60) 

For a constant 𝑐∗ and based on Corollary 6 and equation 16, then the level of significance  given by hypothesis H0 is 

rejected if 

           
2 2
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2 2

1 1
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I I tr I ξ I ξ
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V F

 



 
 

 
    
 
 
 
 
 



 

∎                           (59) 

4.4 Empirical Study on Percentage of Death of Dengue Hemorrhagic Fever (DHF) 

Response Variables 

Response variable used in this research is percentage of death of Dengue Hemorrhagic Fever (DHF) in 38 districts/cities 

in East Java Province. 

Predictor Variables 

Predictor variables in this study are the variables that are suspected to affect the number of DHF sufferers in 38 
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districts/cities in the East Java Province. The predictor variables used are the percentage of health facilities(𝑥1), 
percentage of health personnel (𝑥2), percentage of poor people (𝑥3) and average rainfall (𝑥4). 

Simultaneous Hypothesis Test 

Hypothesis 

The hypotheses for simultaneous significance testing are as follows: 

𝐻0: 𝛽11(𝑢𝑖 , 𝑣𝑖) = 𝛽12(𝑢𝑖 , 𝑣𝑖) =  = 𝛽42(𝑢𝑖, 𝑣𝑖) =   

 n  𝛿13(𝑢𝑖 , 𝑣𝑖) = 𝛿14(𝑢𝑖 , 𝑣𝑖) =  = 𝛿44(𝑢𝑖 , 𝑣𝑖) =   

𝐻1: At le st there is one of 𝛽𝑝𝑘(𝑢𝑖 , 𝑣𝑖) ≠   or 𝛿𝑝,𝑚+ℎ(𝑢𝑖 , 𝑣𝑖) ≠  ,  

 = 1,2,3,4;  = 1,2; = 1,2; 𝑖 = 1,2, … ,3  

Test Statistic  

To see the four predictor variables that simultaneously affect the percentage of deaths of DHF in 38 districts/cities in 

East Java Province, we use the test statistic in Theorem 4 as follows: 
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                                 (62) 

The calculation result for the numerator of Equation (17) is as follows: 

 

    

T

T

Y  ,  Y

I I
93,242

i iM u v

tr B B 

 
  
   
 

                             (61) 

The denominator of Equation (7) is as follows: 

 

    

T

T
1, 3

Y , Y

tr
6

I ξ I
8 5

ξ

i iD u v
 
  
   
 

                               (62) 

Hence, the test statistic * 1,7667V  . 

The rejection area for the simultaneous test of multivariable nonparametric truncated spline regression in the GWR 

model is given by Lemma 7. By using the level of significance 0,05  , concluded that H0 is rejected since 
* 1,7667V  >F(0,05; 36,27) = 1,60. It is concluded that there is at least one parameter in the multivariable 

nonparametric truncated spline regression in the GWR model that is significant to the response variable. 

Table 1 shows the comparison of modeling using OLS, GWR, Nonparametric Spline (TSR) and Nonparametric 

Truncated Spline Regression in the GWR Models (GWR-TSR). 

Table 1. Comparison of OLS, TSR, GWR and GWR-TSR Models 

Criteria OLS GWR TSR GWR-TSR 

 2 54,1% 72,3% 65,5% 80,7% 

SSE 0,0286 0,0067 0,0089 0,0043 

Based on Table 1, the modeling of the percentage of deaths of DHF sufferers in 38 districts/cities in East Java Province 

using (GWR-TSR) model is better than OLS, GWR and TSR models. This can be seen from the smallest SSE value that 

is 0.0043 and R2 = 80.7% which means that the model is able to explain the data of 80.7%. 

5. Conclusion 

Hypothesis test for parameters of multivariable nonparametric truncated spline regression in the GWR models uses the 

hypothesis formula as follows: 

𝐻0: 𝛽11(𝑢𝑖 , 𝑣𝑖) = 𝛽12(𝑢𝑖 , 𝑣𝑖) =  = 𝛽𝑙𝑚(𝑢𝑖 , 𝑣𝑖) = 𝛿1,𝑚+1(𝑢𝑖 , 𝑣𝑖) = 𝛿1,𝑚+2(𝑢𝑖 , 𝑣𝑖) =  =         𝛿𝑙,𝑚+𝑟(𝑢𝑖 , 𝑣𝑖) =  , 𝑖

= 1,2, … , 𝑛 

𝐻1: At least there is one of   𝛽𝑝𝑘(𝑢𝑖, 𝑣𝑖) ≠   atau 𝛿𝑝,𝑚+ℎ(𝑢𝑖 , 𝑣𝑖) ≠  ,  
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 = 1,2, … ,  ;  = 1,2, … , ; = 1,2, … ,  ; 𝑖 = 1,2, … , 𝑛 

In deriving the test statistics and the distribution using the Maximum Likelihood Ratio Test (MLRT) method, it was 

obtained: 

1. Based on estimator  η̂ ,i iu v and  2ˆ ,i iu v , obtained maximum likelihood function under population(Ω): 

      
2

2
2ˆ ˆ2 , exp

2

n
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and maximum likelihood function under hypothesis H0(ϖ): 
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2. Test statistic for simultaneous test of parameters of multivariable nonparametric truncated spline regression in the 

GWR models: 
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3. The distribution of test statistic for simultaneous test of parameters of multivariable nonparametric truncated spline 

regression in the GWR models: 
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4. The rejection area for hypothesis H0: 
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1 2 1 2, , , , , , , , ;l lC y x x x y x x x V c   

For a constant c obtained by equation: 

 * ,   0 1P V c       
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