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Abstract

Geographically weighted truncated spline nonparametric regression is
a new method of statistical science. It is used to solve the problems of
regression analysis of spatial data whose regression curve is unknown.
This method is the development of nonparametric regression with
truncated spline function approach to the analysis of spatial data.
Truncated spline approach can be a solution for the problem of
modeling spatial data analysis. The data patterns between the response
variable and the predictor variable are unknown or regression curve
is not known. This study is focused on finding estimator of truncated
spline nonparametric regression in geographically weighted regression
models with weighted maximum likelihood estimator (MLE) method.
The characteristic of the unbiased estimator is also investigated. The
results show that the nonparametric regression with truncated spline
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function approach can be used to solve the problems of regression
curve that cannot be identified in the spatial data and the results of the
model find the unbiased estimator of the parameter.

Introduction

The truncated spline nonparametric regression in geographically
weighted regression model is the development of nonparametric regression
that is calculated on the spatial factor. The method of geographically
weighted regression is only able to overcome the problems of the spatial
regression analysis whose regression curve is known and linear, but if the
regression curve cannot be identified, then we need an approach of the
nonparametric regression that will lead the data to find their own form of
estimation and curve regression without affected by the subjectivity of the
researcher. The approximation ability of a truncated spline which is a highly
segmented and continuous absolute polynomial model provides a high
flexibility to adapt more effectively to the local characteristics of the data.
Spline truncated approach can be a tool to solve the problem of modeling
spatial data analysis where the data patterns between the response variable
and the predictor variable are unknown or regression curve is not known.
Geographic weighting in the spatial data analysis is an important aspect in
determining the different parameters at each point of observation location.

The GWR methods continue to be developed by the experts. Nakaya et
al. [12] found a new model in the GWR known as geographically weighted
Poisson regression model. Then Mei et al. [10] produced a new model that
combined two methods: global and GWR regression model, the new method
is mixed geographically weighted regression model. GWR models were
also developed in the field of spatially related time series, known as
spatio-temporal, spatio-temporal data exploration analyzed using GWR and
geovisual analyticity. The work was conducted by Demsar et al. [3]. Spatio-
temporal study was also developed by Huang et al. [7] in geographically
and temporally weighted regression model. Furthermore, Yu [18] worked
on spatial panel data, and established the methods of geographically
weighted panel regression. Recently, Wrenn and Sam [17] found a model
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geographically and temporally weighted likelihood regression. The study
using semiparametric regression in the GWR model conducted by Holan et
al. [8] produced a new method which is semiparametric geographically
weighted response curves where the approach function used was bivariate
penalized spline regression. Subsequently Ribeiro et al. [15] conducted
research in the semiparametric regression field, named semiparametric
Poisson geographically weighted regression. Work on GWR and site-specific
by using kernel was performed by Paez et al. [13, 14]. This study was about
estimation and inference geographically weighted regression models with a
specific location with the help of the kernel bandwidths.

Spline approach can be used as a tool to solve the problem of modeling a
nonparametric analysis of spatial data. Spline truncated was developed by
Budiantara [2]. Then Jiawei et al. [9] conducted work using spline truncated
B-spline wavelet on the interval (BSWI) and Giannelli et al. [6] used a
truncated spline with B-spline method. Truncated spline approach has been
reviewed by Samsodin and Budiantara [16], Merdekawati and Budiantara
[11] and Bintariningrum and Budiantara [1]. The statistical inference was
used to reduce the estimator from the models, to investigate the properties of
estimator, the shape of the distribution of the test statistic on the model
and to find the method for selecting the optimal knots points for the model.
Based on the description above, it encourages the researchers to examine
the truncated spline nonparametric regression in geographically weighted
regression models.

Truncated Spline Nonparametric Regression in Geographically
Weighted Regression Models

Nonparametric regression model (Eubank [4]) in general can be
presented in the following equation:
yi = f()+¢g, i=12.,n 1)
with f(x;) as a regression curve that is approached with the truncated spline
function (Budiantara [2]) of order m and point knots Kq, K,, ..., K, are
given by the equation:
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m K r
f(x) = Zkzoﬁkxi + Zh:1Bm+h(Xi ~Kp)T )

where By, PBmsn are real constants with k =0,1,2,...,. m; h=12 .., r
and truncated function (Budiantara [2]) as:

(xi — Kp)™ X =Ky,
0, Xj < Kh'

(x = Kp)} = { ®3)

When equation (2) is substituted in equation (1), we obtain the equation of
truncated spline nonparametric regression (Budiantara [2]) as follows:

m r .
Vi = D B+ D Bnn(i Kl e =120 (@)

with y; as the response variable and x; the predictor variable. If truncated
spline nonparametric regression has more than one predictor variable, for

example given Xp, where p =1, 2, ..., |, then we have
| | m ‘ r

yi = Z fo(Xpi) + & = Z(Zﬁpkxpi + ZBp(m+h)(Xpi - Kh)TJ + g
p=1 p=1\k=0 h=1

so that the truncated spline nonparametric regression for more than one
predictor variable is:

| m r
Yi = Z[Zﬁpkxlg()i + > Bp(m+h)(Xpi - Kh)TJ + g
h=1

p=1\k=0
with truncated spline function of order m at the knot points Ky, Ko, ..., K;.

The functional relationship between the response variable and the
predictor variable of each regression coefficient depends on the location of
forming a pattern of nonparametric relationships. Therefore, to resolve the
problems, the solution that we want to develop is an approach of the
truncated spline in the model geographically weighted regression.

Geographically weighted regression model (Fotheringham et al. [5]) of
the relationship between the response variable Y and the predictor variables
X1, X2, ..., X at the location i is:
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Yi = Bo(Uj, vi) + Br(Ui, vi) xgi + Ba(Uj, Vi) Xai + -+ By (Ui, Vi) Xjj + &

In this study, the first thing to do is to substitute the truncated spline
function with one variable x in the model of geographically weighted
regression which provides the following:

Yi = Z:]:()Bk(ui' V)X + 2;216m+h(ui’ Vi) (xi = Kp)l +ei, (5)

where (uj, vj) are coordinates of the geographical location on the ith
location, variable response y; on the ith location, x; is the predictor variable

on the ith location, K, is the point of knots and error g is in normal
distribution, independent with mean zero and variance o2, Bk and B, are
real constants.

Estimation Model

The assumption of truncated spline nonparametric regression in GWR
model is normal distributed error with zero mean and variance 2. The

approach used parameter estimators B(u;, vi) and o2(u;, v;) with maximum

likelihood weighting estimator.

On the jth location of observation, y; is normal distributed with mean

and variance as follows:
S k - 2
Yi = N[ D By, vXS + > Bran(uj, vi) (x5 = Kp)T, o®(uj, vj) |
k=0 h=1

The first step is to establish the likelihood function as follows:

f(yp | B(ug, V1), 62 (Ug, Vo)) F (¥ [B(Un, Vi), 62 (Un, Vi)

=H f(yjIBuj, vj). 6*(uj, vj))

i=1
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described in the form

n

1 1

S S R —
g y2n?(uj, vj) 26%(uj, vj)
m r 2
X [Yj —(Zﬁk(uj: VXS + D Bram(uj, vi) (X - Kh).TD
k=0

h=1

shortened as

(2n)_%(02(uj VY ))_% exp{—; Gj (6)

2
2c (Uj,Vj)

with

G = Zi”:l(yj —(Zfzoﬁk(uj, vj)x|

; 2
+ Zh:1Bh+m(uj’ Vi) (xj - Kh)TD :

After obtaining the joint density function of Yy, Yo, ..., Y,, we estimate

the model, given the geographical weighting on the jth location represented
by w;(j). So the likelihood function for the jth location can be found as

follows:

L(Buj. vj). o*(uj, vj)IY)

n 5 . Zn
— (2 2 2u-,V- A e — Yi(i
(2n) 2(c( j J)) P 252(uj.Vj) i=1 W

m r 2
X[yj_[Zﬁk(uj’vj)xljg+ZBh+m(uj'Vj)(xj_Kh)T]J .
k=0 h=1

W;(j) = the value of weighting on the ith location to the jth location.
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The form of the weighted likelihood function then performed the
operation to facilitate the natural logarithm mathematical operations in order
to obtain the parameter estimator as:

In L(B(uj, vj). Gz(uj, vilY)

= In((2n)_%(02(uj, vj))_%)ln exp —meik
o WjpVilia

m r 2
X[Yj _{Zﬁk(uj: VXS + D Bram(uj, vj)(xj - Kh)TJ]
k=0 h=1

1
_ —gln(Zn)—%'”(Gz(“j' Vj))_mH ’

and

n m r 2
H =ZWik [Yj —[Zﬁk(uj,vj)x‘} +ZBh+m(uj,vj)(xj - Kh)TD
i=1 k=0 h=1

= (Y = XB(uj, vj)) W (uj, vj)(Y = XB(uj, vj))

with

Y1
v =2

Yn

1d o - K)T G -K)T e (KT
w |1 X3 %5 o x5 (X -K)T (o —Kp)] (XZ_Kr)T’

1 2
1 X, Xy - er]n (Xn_Kl)T (Xn_KZ)T (X — Ky T_
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Bo(uj, vj) |
Br(uj, vj)
Ba(uj, vj)

Buj, vj)=| Bm(uj,vj) |,
Bm+1(uj, vj)
Bm+2(Uj, vj)

_Bm+r(uja Vj)_

W (uj, vj) = diag(wy(uj, vj), Wo(uj, V) s Wo(Uj, vj)).

Parameter estimators B(uj, vj) and cz(uj,vj) are obtained by

maximizing In L shape in equation (7) and the next stage of the process of
differential against each parameter B(uj, v;):

oIn L(B(uj, vj). o(uj, vi)IY)  a(H)
R SENC
o(B(uj, vj)) oB(uj, vj))
so that
oH)  _ oY — Xp(uj, Vi)W (uj, vj) (Y = XB(uj, vj)))
aB(uj, vj)) oB(uj, vj))'

oY TW (uj, vj)Y = 2(B(uj, vj)" X W(uj, vj)Y
+ (B(uj, vi)T XTW(uj, vj) XB(uj, v;))
a(Buj, vj)'

= 2X W (uj, vj)Y +2X W (uj, vj) XB(uj, vj),
thus obtained B(uj, v;) is
XTW (uj, vj) XB(uj, vj) = X W (uj, vj)Y,

Buj, vi) = (XTW(uj, vj) X) T XTW(uj, vj)Y.
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Lemma 1. If B(uj, v;) is a matrix of parameter B(uj, v;) of the spline
nonparametric regression model with geographic weighting following

equation (5), then the parameter estimator é(uj, vj) on the jth location is
é(Uj, Vj) = (XTW(UJ', Vj)X)_leW(Uj, Vj)Y.
: & T 1T
Proof. It is known that B(uj, vj) = (X W (uj, vj) X) =X "W(uj, vj)Y

is the estimator B(u;, vj) on the ith location. It can be seen that B(u;, vj) is

a matrix of parameter estimator on the jth location, that is:

ﬁl(uj,vj) (XTW (uj, vj) X)X TW (uj, vj)Yy

Bluj, V) - Bz(u{-,vj) _ (XTW(uj,vj)x)'_leW(uj,vJ—)Yz O

Boj vi)| |[(XTW(uj, vj) X)) XTW(uj, vj)Y,
Lemma 2. If 62(uj, Vj) is a parameter estimator cz(uj, vj) of the
spline nonparametric regression model with geographic weighting following

equation (5), then 62(uj, vj) is a parameter estimator on the jth location

given by

~2
o (Uj,Vj)

n m - roo- 2
zi_lwi(j)((yj _(Zk:oﬁk(ujn Vi) +Zh:1[3h+m(uj: vi)(xj - Kh)TD J

n

Proof. Known parameter estimator cz(u j» Vj) is obtained from the
differential equation (7) as follows:
n 2 1
0 —5In(c“(uj, vj)) - —5——H
a(InL(B(uj, vj), cz(uj,vj)|Y))_ [ 2 202(uj,vj)
a(c®(uj, vj)) a(c®(uj, vj))
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n 1
- +
2 2
20 (Uj,Vj) Z(GZ(UJ',VJ'))

Parameter estimator is given by
O ( j ) Vj) n .

The estimator is calculated based on the characteristic of the locality of
spatial data models is expressed as:

~2
c (Uj,Vj)

Z::lwi(i)((yj _(Zloﬁk(ui’ VXS + 2 Bram (U, v (x; - K“)TDZJ

n

O

Lemma 3. If ﬁ(uj, vj) is a parameter estimator of spline nonparametric

regression model with a geographic weighting following equation (5), then

ﬁ(uj, vj) is an unbiased estimator for p(u;, v;).

Proof. After obtaining a parameter estimator B(u jr Vv j), the unbiased

characteristic of the estimator B(u jr v j) can be described as:
EBQuj, vj) = E(XTW(uj, vj) X ) XTW(uj, vj)Y)
= (XTW(uj, vj) X)X TW(uj, vj)E(Y)
= (XTW(uj, vj) X)X TW(uj, vj) XB(uj, v;)
=B(uj, vj)-
The above result proves that ﬁ(u j»Vj) is an unbiased estimator of

B(uj, vj) O
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In the model estimator for each observation at the ith location can be
obtained in the following way:

Yi = X{B(ui, vi) = X{T((XTW (g, vi) X)TEXTW (g, vi)Y). (9)
Equation (9) can be re-written in the form:
Y = SY,

where S is an n x n matrix given below and 1 is the identity matrix of order
n. Note that

T T T AT 7
Xq (X W (ug, vi) X)X "W (ug, vq)

Ty T Ay T
X2 (XTW (uz, v2) X)X W (uz, va)
Snxn = . .

_XE(XTW(Unv Vn)x)_leW (U, vn)]
The error vector estimator is
e=Y-Y =(1 -S)Y. (10)

2

To find an unbiased estimator for o“, it is necessary to look for the

estimator value of sum square error (SSE) of the model, which is obtained by
squaring equation (10), as follows:

SSE=eTe=((1-9)Y) (1 =-S)Y)=YT(1-5)T(1-S)Y (1)
with
E(e) = E(Y -Y)
= E(Y) - E(Y)
= XTB(u;, vi) = XTB(u;, vi) =0
and error variance as:

Var(e) = E[(e — E(e)) (e - E(e))" ] = 6°1I. (12)
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Based on equation (12), equation (11) can be described as follows:
SSE=e'e=(e—E() (e—E()=e"(1-5)"(1-5)e

Because (I — S)T(I —S) is a symmetric matrix and & ~ N(0, o?l1), the

value estimator SSE is:
E(SSE)=E(e" (1 —=S)T (1 —=S)e) =tr((1 — S)T (1 — S))E(ee")
=tr((1 = S)" (1 - )5l

and

( SSE J_ 2
E =0°.
tr((1 - S)T (1 - 9))

Unbiased estimator is given by

62 _ SSE
tr(1 -S) (1 -59))

Conclusion

In this paper, we described that the nonparametric regression with
truncated spline approach in the GWR models can be a solution for
relationship predictor variables and the response variables that have a spatial
aspect explaining the relationship between the two which is nonlinear
identified as nonparametric. Results of the model parameter estimation are
proved unbiased.

The shape and distribution of the test statistic models in truncated spline
GWR model and application model in empirical data can be considered for
future study.
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